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1. Introduction 
Let A = {ao, a~,. . . ,  an} be a set of given positive integers. It will be said that 
a positive integer r has a representation by these numbers, if r = ET=0 aixj with 
some non-negative integers xj, j = 0 , . . . ,  n. Let F(A) denote the set of integers 
having such a representation. It is well-known that if A contains relatively prime 
integers, then only finitely many of the non-negative integers have no such a 
representation. To find the greatest one among these is a famous problem, 
proposed by G. Frobenius. Let g(A) denote this value, i.e., 
g(A)=max{r l ~ F(A)}. (1) 
Beside the problem to determine g(A) an also frequently investigated question 
is to ask n(A), the number of non-negative integers which are not contained in 
F(A). 
Several papers deal with these problems. There are given lower bounds (see [7, 
8]), upper bound (see [4, 9, 10, 14, 15]), but the exact value of g(A) (and of 
n(A)) is given only in a few special cases: 
- If n = 1 or n = 2, see [12, 13]; 
- If the elements of A form an (almost) arithmetic progression, see [2, 11]; 
- If the elements of A form an (almost) geometric progression, see [5, 6, 11]. 
In this paper we investigate this last case in a general form, and generalize a
result of E. L. Goldberg [5]. Our theorems also cover the cases investigated in 
[6, 11]. 
The usual notations will be used; especially gcd( r l , . . . ,  rn) will denote the 
greatest common divisor of integers !-1,. . . ,  rn, and [xJ denotes the integer part 
of a real x. 
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2. Notations 
Throughout he paper let ao, hi, q)-l, j = 1 , . . . ,  n be given positive integers, 
and suppose 
1-1 
a) = hjao + I-I qi, for j = 1 , . . . ,  n; gcd(a0, qo) = 1. (2) 
i=0 
Moreover let qn = 0 by definition. 
It will be said that A forms an almost geometric progression if (2) holds for its 
elements. It is well-known that every integer can uniquely be expressed in the 
general number system defined by ql, • • •, q,-1, i.e., if dij(r) denote the digits of 
r in this number system, then 
n--1 j 
r=~ 5i(r) I-[qi, O~51(r)<qy+l, fo r j=0, . . . ,n -2 ,  (3) 
1=0 i=1 
where the empty product is 1 by definition. 
The digits of ao will be used frequently, therefore we introduce an additional 
notation for these numbers: olj = 6j(ao). Moreover let k be the smallest index for 
which a~k > O. 
3. Results 
The main result of this paper is the determination of g(A) and n(A) if the 
sequence A is an almost geometrical progression, the elements of which is given 
by (2) and satisfying the following conditions: 
and 
hj+l~hjqj, for j=l ,  2 , . . . ,n -1 ,  (4) 
hk+ 1 -I- E h i (q i -  1 - a , j _ l )~<qo.  (5)  
]=k+l  
Our main results now follow: 
Theorem A. Under the conditions (2), (4) and (5) 
g(A)=max -ao+ ai(q)-l)+a,+l(o~t-1)+ E aiacj-ll°¢~ >0-  
1=1 ]=t+2 
Theorem B. If (2), (4) and (5) hold, then 
n(A) =(ao-1)(qo-2 1) + ~1-= h J (~L~ ~1,__,. . a~i s=l ]zI qs + a~j,12-1 c~)_1 ,-1~=1 ]'-[ q~)" 
At first we mention that the complicated condition (5) can be satisfied if q0 or 
ao (i.e., ~,-1) is large enough compared to the other parameters. Using this 
simpler form of condition (5) and eliminating condition (4) by the assumption 
On a linear diophantine problem 29 
h~ =- . .=  h,, several cases in the literature become special cases and conse- 
quences of these theorems.  
- One of the most general cases was considered in [5]: Let hi =" • • = h,, = qo = 1, 
qj > 1 for j > 0 and Q = 1-I7-~ qj, moreover suppose that ao > (Q - 2)Q. Then 
, m,-ao(L J l O 
j= l  
where D is the smallest non-negative one among the numbers 
ao-Q 1+ + qj, fo r i= l , . . . ,n -1 .  
°~ 
In this case ~,,_~ > ~]-~ qj holds, and thus condition (5) does too. Condition 
(4) is trivial now. Therefore Theorem A applies and gives the same result. (It is 
straightforward to show formally the identity of these results.) 
-Let h l=- - -=h, ,=q0=l ,  q~=- - .=q, , _~=2 and suppose that a0>l+ 
(n - 4)2 "-1. Then by [11] 
ao ] ~.~2 .I ao+2J l  
g(A) = (n - 3)ao-  1 + (ao + 1) ~ + 2., 2J/ ~;:-r / .  
j=o k2-  J 
Clearly (4) and (5) holds again, and Theorem A gives the same result. 
-Finally let hi =""  =h,  = 1, ql = ' "= q,-1 =P  and gcd(ao, qo)= 1. If qo is 
large enough compared to n and p, then 
lao -21  
g(A) = (ao- 1)p + ao[ ~=- i  J- 
This result was given in [6], but now it is quoted from [11]. It is also easy to 
check conditions (4) and (5), thus Theorem A can again be applied. But we 
mention here, that the above formula has some mistake(s). Let ao = 14, 
q l=q2=3,  n=3 and qo>2,  gcd(14, qo)=l .  Then g(A)=28+13qo by 
Theorem A (and it is easy to check that this number is not contained in F(A)), 
but the formula quoted above gives only 14 + 13qo. 
We note additionally that in all of the above cases Theorem B works also, and 
n(A) can also be determined. 
4. Restating of the problem 
In this section we give a discrete programming form of problem (1): 
n 
rain -Xo + hjxj 
j---1 
n j--1 
s.t. r = aoXo + ~ xj I-I qi, 
j= l  i=0 
where Xo, • • •, x. are non-negative integers. 
(6) 
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(6) is known as a knapsack problem. The numbers Xo, • • •, Xn are called a feasible 
solution to (6) if the equation holds there. -Xo+ E~'-_~ h/xj will be said the 
corresponding objective function value. An optimal solution is a feasible solution 
to which the corresponding objective function value is minimal. Let v(r) denote 
the optimal objective function value of (6), with v(r)= 0o by defnition, if there 
are no feasible solutions. 
In this section we will show that (6) is strongly related to (1), and also that 
under our assumptions (4) and (5) the optimal solutions of this knapsack problem 
can be characterized. 
Lemma 1 .  For non-negative integers r, 
reF (A)  i fandonly  if v(r)<~O. 
Proof. If r e F(A), then there are non-negative integers Yo , . . . ,  Y, such that 
r = ~7=0 ajyj. Then definining Xo = Yo + ~j"=~ hiYj and xj = yj for j = 1 , . . . ,  n ,  a 
feasible solution to (6) is obtained. The corresponding objective function value is 
-Y0, thus for the minimum v(r) ~< -Yo ~< 0. 
Conversely, if v(r)<-0 for some non-negative integer r, then let x0 , . . . ,  x, 
denote an optimal solution to (6). (Such a solution exists, otherwise v(r)= oo by 
the definition of v(r).) Now adding v(r)ao = -aoxo + ~j%l aohjxj to the equation 
of (6), and expressing r from the resulting equation we get r =-v ( r )ao+ 
~'~=1 ajxj. Here -v ( r )  90 ,  therefore r E F(A). [] 
Corollary 2. g(A) is the maximal non-negative integer for which v(r) > 0. 
Lemma 3. I f  the conditions (4) and (5) hold and r E F({ao, qo}), then there is an 
optimal solution to (6) satisfying the following two conditions: 
and 
O <- xi < qj for j = l, . . . , n -1 ,  (7) 
n j--1 
ao > ~ xj I I  qi, (8) 
j= l  i=1  
(where the empty product is 1 by definition.) 
Proof. Let Xo , . . . ,  x.  be an arbitrary feasible solution of (6), and suppose that 
xt >I q, holds for some index t. Then taking yt = x, - q,, Y,+I = x~+l + 1 and yj = xj 
for j #: t, t + 1 we get another feasible solution. The corresponding objective 
function value changes by h,+~ - q,h,. By (4) this is non-positive, thus (7) may be 
supposed at an optimum point because of the minimization in (6). 
Now let x0,. • •,  x.  be supposed an optimal solution to (6) satisfying (7). Let 
w = w(x) = ~'=1 xj l~--~ qi and suppose that w(x) >~ ao. Then defining Y0 = x0 + q0 
and yj = 6j(w - ao) for j = 1, . . . ,  n a new feasible solution Yo, • • • ,  Y .  is obtained 
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with w(y)< w(x). Therefore if we can show that the corresponding objective 
function value does not increase, condition (8) can also be attained at some 
optimal solution by repeating this operation. 
The corresponding objective function value now changes by 
n 
O = -qo  + ~ hj(ai- l(w - ao) - xj). 
j= l  
Here xj = 6j_l(w) for j = 1 , . . . ,  n, since (7) is supposed, xj = ~ij_l(W - ao) holds 
for j < k, since tYo = aq =-  • • = ink-1 = 0 by the definition of k. Moreover 
J J 
E (1 + 6i- l (w - ao) + o~i-1) <~ 1 + ~ (qi + xi) 
i=k+l  i=k+l 
holds for j = k + 1 , . . . ,  n + 1 by the properties of addition of digits in a general 
number system. (q, = 0 by definition!) 
Therefore 
n 
D <~ -qo  + hk+~ + ~ (q j -a : j _~- l )h j ,  
j=k+l  
and this is not positive by (5). [] 
Lemma 4. / f  (4) and 
v(r) = v if  and only if  
(5) hold, then, for any integer r belonging to F({ao, qo}), 
and 
n 
r =-Vao  + ~ aj~j_l(w), 
j--1 
with some 0 <<- w < ao, 
n 
E 
j= l  
Proof. If r e F({ao, q0}), then there are non-negative integers x0 and w such that 
r = aoxo + qow and w < ao. Then defining xj = 6j_l(W) for j = 1 , . . . ,  n an optimal 
solution of (6) is obtained by Lemma 3. Then 
n 
,, = -xo  + hA-x ( , , ' ) ,  
j= l  
and so v <~ Ej%l h/Sj_l(w) as Xo >~O. Moreover 
n j -1  
r =aoXo + E 6,- l (w) 1-I qi 
j= l  i=0  
( A ,1 = ao -v  + hj~j-a(w + 6j_l(w) I-I q, 
"-- j=t  i=o  
n 
= -Vao + E a,~j_t(w). 
j= l  
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Conversely, if w and v are integers satisfying 0~<w<ao and v~< 
~,'~=lhjfj-l(w), then the variables defined by x0=-v+ ~j'=lhjfj-l(w) and 
xj = 6j-l(w) for j = 1 , . . . ,  n form an optimal solution to (6) by Lemma 3. 
Hence r =-vao+ F~']=I ajfj_l(W). Moreover r e F({ao, qo}) follows since r= 
aoXo + qow. [] 
Lemma 5. If (4) and (5) hold, then 
g(A) = max{-ao 
n } 
+ ~ ajSj_l(w)10<w<ao, wisinteger .
j= l  
Proof. Let r *=-ao+ ~/=1 a](~j-l(a0--1). Since hj are positive numbers 1 ~< 
F,j~=I hjOj_l(ao- 1). Then I,emma 4 applies and v(r*)= 1 follows. Consequently 
r* q~ F(A) by Lemma 1. From this we get 
n 
g(A) >I r* =aoqo- ao-  qo + ~ hjSj_l(ao- 1) 
j=l 
> aoqo- ao- qo = g({ao, qo}). 
and therefore g(A)e F({ao, qo}). 
Then Lemma 4 can be applied for r=g(A), and v(g(A))= 1 follows. 
Otherwise, from v(g(A))>l,  v(g(A)+ao)>0 would follow by Lemma 4 
contradicting to Corollary 2. 
This equation implies the lemma immediately by Lemma 4, since 
E~'=l hjfj_l(w) holds obviously for any non-negative integer w, except w = 0. 
1~< 
[] 
5. Proofs of Theorems 
Proof of Theorem A. For any non-negative integer w < ao there is an index t, 
such that 
fit(w) < at and 5j(w) = oLj, for ] > t. (9) 
Let Rt denote the set of integers w satisfying (9). Among the elements of Rt 
there is one, say wt, which maximize the expression -ao + ~=1 ajS~=l(w). For 
this wt we can claim 
(~ j (Wt)=q j+ l - -1  , fo r j=O,  . . . , t -1  (10) 
(11) 
and 
5,(w,) = ~r,- 1, 
since aj are positive numbers. 
Then it is clear that the maximum in Lemma 5 is attained at some of these 
wt -s .  Substituting (9)-(11) into Lemma 5 Theorem A follows by a simple 
calculation. [] 
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Proof of Theorem B. Regarding Lemma 1 it follows from Lemma 4 that if 
r ~ F(A), then 
or  
r ¢$ F({ao, qo}), 
r~{-vao+~a/6j-l(w)[O<-w<ao, l<~v<-~hj~i_l(w)}. 
j= l  j= l  
From these using the equation n({ao, qo}) = ½(ao - 1)(qo- 1) we get 
n(A) = (ao-  1)(qo- 1) " ao-~ 
2 + E hj E 6j_x(w). 
j= l  w=l  
Then the theorem follows from the following (easy) equations by standard 
calculations: 
= ,~1 q'' i=j+ 1 qs + 
[{w l O<w <ao, cSj(w)= 6}[ : )n  1 o:i s]--[lqs ' 
Li=j+I qj+l 
if 6 < trj, 
if 6 ~> o~j. [] 
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